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Abstract

The Constant Elasticity of Substitution (CES) function is popular in several areas of
economics, but it is rarely used in econometric analysis because it cannot be estimated by
standard linear regression techniques. We discuss several existing approaches and propose
a new grid-search approach for estimating the traditional CES function with two inputs
as well as nested CES functions with three and four inputs. Furthermore, we demonstrate
how these approaches can be applied in R using the add-on package micEconCES and
we describe how the various estimation approaches are implemented in the micEconCES
package. Finally, we illustrate the usage of this package by replicating some estimations
of CES functions that are reported in the literature.
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Preface

This introduction to the econometric estimation of Constant Elasticity of Substitution (CES)
functions using the R package micEconCES is a slightly modified version of Henningsen and
Henningsen (2011a).

1. Introduction

The so-called Cobb-Douglas function (Douglas and Cobb 1928) is the most widely used func-
tional form in economics. However, it imposes strong assumptions on the underlying func-
tional relationship, most notably that the elasticity of substitution! is always one. Given
these restrictive assumptions, the Stanford group around Arrow, Chenery, Minhas, and Solow
(1961) developed the Constant Elasticity of Substitution (CES) function as a generalisation
of the Cobb-Douglas function that allows for any (non-negative constant) elasticity of substi-
tution. This functional form has become very popular in programming models (e.g., general

*Senior authorship is shared.

! For instance, in production economics, the elasticity of substitution measures the substitutability between
inputs. It has non-negative values, where an elasticity of substitution of zero indicates that no substitution
is possible (e.g., between wheels and frames in the production of bikes) and an elasticity of substitution of
infinity indicates that the inputs are perfect substitutes (e.g., electricity from two different power plants).
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equilibrium models or trade models), but it has been rarely used in econometric analysis.
Hence, the parameters of the CES functions used in programming models are mostly guess-
timated and calibrated, rather than econometrically estimated. However, in recent years, the
CES function has gained in importance also in econometric analyses, particularly in mac-
roeconomics (e.g., Amras 2004; Bentolila and Gilles 2006) and growth theory (e.g., Caselli
2005; Caselli and Coleman 2006; Klump and Papageorgiou 2008), where it replaces the Cobb-
Douglas function.? The CES functional form is also frequently used in micro-macro models,
i.e., a new type of model that links microeconomic models of consumers and producers with
an overall macroeconomic model (see for example Davies 2009). Given the increasing use of
the CES function in econometric analysis and the importance of using sound parameters in
economic programming models, there is definitely demand for software that facilitates the
econometric estimation of the CES function.

The R package micEconCES (Henningsen and Henningsen 2011b) provides this functionality.
It is developed as part of the “micEcon” project on R-Forge (http://r-forge.r-project.
org/projects/micecon/). Stable versions of the micEconCES package are available for down-
load from the Comprehensive R Archive Network (CRAN, http://CRAN.R-Project.org/
package=micEconCES).

The paper is structured as follows. In the next section, we describe the classical CES function
and the most important generalisations that can account for more than two independent
variables. Then, we discuss several approaches to estimate these CES functions and show
how they can be applied in R. The fourth section describes the implementation of these
methods in the R package micEconCES, whilst the fifth section demonstrates the usage of
this package by replicating estimations of CES functions that are reported in the literature.
Finally, the last section concludes.

2. Specification of the CES function

The formal specification of a CES production function® with two inputs is

y=7 (07 + (- 0)23) 7 (1)

where y is the output quantity, 1 and zs are the input quantities, and =, §, p, and v are
parameters. Parameter v € [0,00) determines the productivity, § € [0, 1] determines the
optimal distribution of the inputs, p € [—1,0) U (0, 00) determines the (constant) elasticity of
substitution, which is ¢ = 1 /(1 + p), and v € [0, 00) is equal to the elasticity of scale.*

The CES function includes three special cases: for p — 0, o approaches 1 and the CES turns
to the Cobb-Douglas form; for p — oo, ¢ approaches 0 and the CES turns to the Leontief

2 The Journal of Macroeconomics even published an entire special issue titled “The CES Production Func-
tion in the Theory and Empirics of Economic Growth” (Klump and Papageorgiou 2008).

3 The CES functional form can be used to model different economic relationships (e.g., as production
function, cost function, or utility function). However, as the CES functional form is mostly used to model
production technologies, we name the dependent (left-hand side) variable “output” and the independent (right-
hand side) variables “inputs” to keep the notation simple.

4Originally, the CES function of Arrow et al. (1961) could only model constant returns to scale, but later
Kmenta (1967) added the parameter v, which allows for decreasing or increasing returns to scale if v < 1 or
v > 1, respectively.
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production function; and for p — —1, ¢ approaches infinity and the CES turns to a linear
function if v is equal to 1.

As the CES function is non-linear in parameters and cannot be linearised analytically, it is
not possible to estimate it with the usual linear estimation techniques. Therefore, the CES
function is often approximated by the so-called “Kmenta approximation” (Kmenta 1967),
which can be estimated by linear estimation techniques. Alternatively, it can be estimated
by non-linear least-squares using different optimisation algorithms.

To overcome the limitation of two input factors, CES functions for multiple inputs have been
proposed. One problem of the elasticity of substitution for models with more than two inputs
is that the literature provides three popular, but different definitions (see e.g. Chambers
1988): While the Hicks-McFadden elasticity of substitution (also known as direct elasticity of
substitution) describes the input substitutability of two inputs i and j along an isoquant given
that all other inputs are constant, the Allen-Uzawa elasticity of substitution (also known as
Allen partial elasticity of substitution) and the Morishima elasticity of substitution describe
the input substitutability of two inputs when all other input quantities are allowed to adjust.
The only functional form in which all three elasticities of substitution are constant is the plain
n-input CES function (Blackorby and Russel 1989), which has the following specification:

P

y=7<25z‘w;p> (2)
=1
n
with » " §; = 1,
i=1

where n is the number of inputs and x1, ..., x, are the quantities of the n inputs. Sev-
eral scholars have tried to extend the Kmenta approximation to the m-input case, but Hoff
(2004) showed that a correctly specified extension to the m-input case requires non-linear
parameter restrictions on a Translog function. Hence, there is little gain in using the Kmenta
approximation in the n-input case.

The plain n-input CES function assumes that the elasticities of substitution between any two
inputs are the same. As this is highly undesirable for empirical applications, multiple-input
CES functions that allow for different (constant) elasticities of substitution between different
pairs of inputs have been proposed. For instance, the functional form proposed by Uzawa
(1962) has constant Allen-Uzawa elasticities of substitution and the functional form proposed
by McFadden (1963) has constant Hicks-McFadden elasticities of substitution.

However, the n-input CES functions proposed by Uzawa (1962) and McFadden (1963) impose
rather strict conditions on the values for the elasticities of substitution and thus, are less useful
for empirical applications (Sato 1967, p. 202). Therefore, Sato (1967) proposed a family of
two-level nested CES functions. The basic idea of nesting CES functions is to have two or
more levels of CES functions, where each of the inputs of an upper-level CES function might
be replaced by the dependent variable of a lower-level CES function. Particularly, the nested
CES functions for three and four inputs based on Sato (1967) have become popular in recent
years. These functions increased in popularity especially in the field of macro-econometrics,
where input factors needed further differentiation, e.g., issues such as Grilliches’ capital-skill
complementarity (Griliches 1969) or wage differentiation between skilled and unskilled labour
(e.g., Acemoglu 1998; Krusell, Ohanian, Rios-Rull, and Violante 2000; Pandey 2008).
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The nested CES function for four inputs as proposed by Sato (1967) nests two lower-level
(two-input) CES functions into an upper-level (two-input) CES function: y = [0 CES] +

(1-19) CESQ]*”/P, where CES; = ; (&:BQ_ifl +(1-6) mgipi) Vl/pl, 1 = 1,2, indicates the
two lower-level CES functions. In these lower-level CES functions, we (arbitrarily) normalise
coefficients v; and v; to one, because without these normalisations, not all coefficients of the
(entire) nested CES function can be identified in econometric estimations; an infinite number
of vectors of non-normalised coefficients exists that all result in the same output quantity,
given an arbitrary vector of input quantities (see Footnote 6 for an example). Hence, the final
specification of the four-input nested CES function is as follows:

_ N _ Ny Il
Y=~ [5 <61x1 Py (1 -8y Pl)” -0 ((52333 P2y (1 — 52)x4ﬂz>p ”] Y

If p1 = p2 = p, the four-input nested CES function defined in Equation 3 reduces to the plain
four-input CES function defined in Equation 2.

In the case of the three-input nested CES function, only one input of the upper-level CES
function is further differentiated:%

3 3 / vl
Y=~ [5 (10" + (1= 81)a, f’l)p N e (4)

For instance, x1 and x5 could be skilled and unskilled labour, respectively, and x3 capital. Al-
ternatively, Kemfert (1998) used this specification for analysing the substitutability between
capital, labour, and energy. If p; = p, the three-input nested CES function defined in Equa-
tion 4 reduces to the plain three-input CES function defined in Equation 2.7

The nesting of the CES function increases its flexibility and makes it an attractive choice for
many applications in economic theory and empirical work. However, nested CES functions
are not invariant to the nesting structure and different nesting structures imply different
assumptions about the separability between inputs (Sato 1967). As the nesting structure is
theoretically arbitrary, the selection depends on the researcher’s choice and should be based
on empirical considerations.

® In this case, the parameters of the four-input nested CES function defined in Equation 3 (indicated by
the superscript n) and the parameters of the plain four-input CES function defined in Equation 2 (indicated
by the superscript p) correspond in the following way: where p? = pi' = p5 = p”, 67 = 67 &7, 65 = (1—67) o™,
68 =03 (1—6"), 08 = (1—83) (1= 8"), A7 =", &7 = 0% /(87 + 68), 6 = 64/(35 + 6%), and 6™ = 67 + o%.

6 Papageorgiou and Saam (2005) proposed a specification that includes the additional term ~; *:

_V/
y =7 [ (e + (1= a)ez ™) + (1 - 8)zz?]

However, adding the term ~;” does not increase the flexibility of this function as 71 can be arbitrar-
ily normalised to one; normalising 71 to one changes v to v (6v;” + (1 — 5))7('//’3) and changes § to
(671 7)/ (677" + (1 = 6)), but has no effect on the functional form. Hence, the parameters vy, 71, and §
cannot be (jointly) identified in econometric estimations (see also explanation for the four-input nested CES
function above Equation 3).

7 In this case, the parameters of the three-input nested CES function defined in Equation 4 (indicated by
the superscript n) and the parameters of the plain three-input CES function defined in Equation 2 (indicated
by the superscript p) correspond in the following way: where p? = p' = p", 67 = o1 6", 65 = (1 — or) o™,
B =1-06", v =~", 61 =67/(1 —4%), and 6" =1 — 45.
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The formulas for calculating the Hicks-McFadden and Allen-Uzawa elasticities of substitution
for the three-input and four-input nested CES functions are given in Appendices B.3 and C.3,
respectively. Anderson and Moroney (1994) showed for n-input nested CES functions that the
Hicks-McFadden and Allen-Uzawa elasticities of substitution are only identical if the nested
technologies are all of the Cobb-Douglas form, i.e., p1 = ps = p = 0 in the four-input nested
CES function and p; = p = 0 in the three-input nested CES function.

Like in the plain n-input case, nested CES functions cannot be easily linearised. Hence, they
have to be estimated by applying non-linear optimisation methods. In the following section,
we will present different approaches to estimate the classical two-input CES function as well
as n-input nested CES functions using the R package micEconCES.

3. Estimation of the CES production function

Tools for economic analysis with CES function are available in the R package micEconCES
(Henningsen and Henningsen 2011b). If this package is installed, it can be loaded with the
command

R> library( "micEconCES" )

We demonstrate the usage of this package by estimating a classical two-input CES function
as well as nested CES functions with three and four inputs. For this, we use an artificial data
set cesData, because this avoids several problems that usually occur with real-world data.

R> set.seed( 123 )

R> cesData <- data.frame(xl1 = rchisq(200, 10), x2 = rchisq(200, 10),

+ x3 = rchisq(200, 10), x4 = rchisq(200, 10) )

R> cesData$y2 <- cesCalc( xNames = c( "x1", "x2" ), data = cesData,

+ coef = c¢( gamma = 1, delta = 0.6, rho = 0.5, nu = 1.1 ) )

R> cesData$y2 <- cesData$y2 + 2.5 * rnorm( 200 )

R> cesData$y3 <- cesCalc(xNames = c("x1", "x2", "x3"), data = cesData,

+ coef = c( gamma = 1, delta_1 = 0.7, delta = 0.6, rho_1 0.3, rho = 0.5,
+ nu = 1.1), nested = TRUE )

R> cesData$y3 <- cesData$y3 + 1.5 * rnorm(200)

R> cesData$y4 <- cesCalc(xNames = c("x1", "x2", "x3", "x4"), data = cesData,
+ coef = c(gamma = 1, delta_1 = 0.7, delta_2 = 0.6, delta = 0.5,

+ rho_1 = 0.3, rho_2 = 0.4, rho = 0.5, nu = 1.1), nested = TRUE )

R> cesData$y4 <- cesData$y4 + 1.5 * rnorm(200)

The first line sets the “seed” for the random number generator so that these examples can be
replicated with exactly the same data set. The second line creates a data set with four input
variables (called x1, x2, x3, and x4) that each have 200 observations and are generated from
random x? distributions with 10 degrees of freedom. The third, fifth, and seventh commands
use the function cesCalc, which is included in the micEconCES package, to calculate the
deterministic output variables for the CES functions with two, three, and four inputs (called
y2, y3, and y4, respectively) given a CES production function. For the two-input CES
function, we use the coefficients v = 1, § = 0.6, p = 0.5, and v = 1.1; for the three-input
nested CES function, we use v =1, 61 = 0.7, § = 0.6, p;1 = 0.3, p = 0.5, and v = 1.1; and
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for the four-input nested CES function, we use v =1, 6; = 0.7, 6o = 0.6, § = 0.5, p1 = 0.3,
p2 = 0.4, p = 0.5, and v = 1.1. The fourth, sixth, and eighth commands generate the
stochastic output variables by adding normally distributed random errors to the deterministic
output variable.

As the CES function is non-linear in its parameters, the most straightforward way to es-
timate the CES function in R would be to use nls, which performs non-linear least-squares
estimations.

R> cesNls <- nls( y2 ~ gamma * ( delta * x1~(-rho) + (1 - delta) * x2"(-rho) ) (-phi / rho
+ data = cesData, start = c( gamma = 0.5, delta = 0.5, rho = 0.25, phi = 1) )
R> print( cesNls )

Nonlinear regression model
model: y2 ~ gamma * (delta * x1°(-rho) + (1 - delta) * x2"(-rho))~(-phi/rho)
data: cesData
gamma delta rho phi
1.0239 0.6222 0.5420 1.0858
residual sum-of-squares: 1197

Number of iterations to convergence: 6
Achieved convergence tolerance: 8.17e-06

While the nls routine works well in this ideal artificial example, it does not perform well in
many applications with real data, either because of non-convergence, convergence to a local
minimum, or theoretically unreasonable parameter estimates. Therefore, we show alternative
ways of estimating the CES function in the following sections.

3.1. Kmenta approximation

Given that non-linear estimation methods are often troublesome—vparticularly during the
1960s and 1970s when computing power was very limited—Kmenta (1967) derived an ap-
proximation of the classical two-input CES production function that could be estimated by
ordinary least-squares techniques.

Iny=Iny+vdlnz +v(1—9)lnx (5)

— % §(1—6)(Inz; —Inag)?

While Kmenta (1967) obtained this formula by logarithmising the CES function and applying
a second-order Taylor series expansion to In (51:1_p +(1=8)xy,” ) at the point p = 0, the

same formula can be obtained by applying a first-order Taylor series expansion to the entire
logarithmised CES function at the point p = 0 (Uebe 2000). As the authors consider the latter
approach to be more straight-forward, the Kmenta approximation is called—in contrast to
Kmenta (1967, p. 180)—first-order Taylor series expansion in the remainder of this paper.

The Kmenta approximation can also be written as a restricted translog function (Hoff 2004 ):

Iny =ag + a1 Inzy + asInws (6)
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1 1
+ 3 Bi1 (Inzy)* + 3 Baz (In9)* + Brg Inxy In g,

where the two restrictions are
Bi2 = — P11 = —Pa22. (7)

If constant returns to scale are to be imposed, a third restriction
a1 +ag =1 (8)

must be enforced. These restrictions can be utilised to test whether the linear Kmenta ap-
proximation of the CES function (5) is an acceptable simplification of the translog functional
form.® If this is the case, a simple t-test for the coefficient 12 = —fB11 = —fa2 can be used
to check if the Cobb-Douglas functional form is an acceptable simplification of the Kmenta
approximation of the CES function.’

The parameters of the CES function can be calculated from the parameters of the restricted
translog function by:

7 = exp(ao) ©)
V=] + Qa2 (10)
aq
= —— 11
a1+ a9 (11)
p = Pzl +as) (12)
a1+ (X9

The Kmenta approximation of the CES function can be estimated by the function cesEst,
which is included in the micEconCES package. If argument method of this function is set
to "Kmenta", it (a) estimates an unrestricted translog function (6), (b) carries out a Wald
test of the parameter restrictions defined in Equation 7 and eventually also in Equation 8
using the (finite sample) F-statistic, (c) estimates the restricted translog function (6, 7), and
finally, (d) calculates the parameters of the CES function using Equations 9-12 as well as
their covariance matrix using the delta method.

The following code estimates a CES function with the dependent variable y2 (specified in argu-
ment yName) and the two explanatory variables x1 and x2 (argument xNames), all taken from
the artificial data set cesData that we generated above (argument data) using the Kmenta
approximation (argument method) and allowing for variable returns to scale (argument vrs).

R> cesKmenta <- cesEst( yName = "y2", xNames = c( "x1", "x2" ), data = cesData,
+ method = "Kmenta", vrs = TRUE )

Summary results can be obtained by applying the summary method to the returned object.

R> summary( cesKmenta )

8Note that this test does not check whether the non-linear CES function (1) is an acceptable simplification
of the translog functional form, or whether the non-linear CES function can be approximated by the Kmenta
approximation.

“Note that this test does not compare the Cobb-Douglas function with the (non-linear) CES function, but
only with its linear approximation.
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Mead algorithm if argument method is set to "NM". The user can tweak this algorithm (e.g.,
the reflection factor, contraction factor, or expansion factor) or change some other details
(e.g., convergence tolerance level) by adding a further argument control as described in the
“Details” section of the documentation of the R function optim.

R> cesNm <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs = TRUE,
+ method = "NM" )
R> summary( cesNm )

Estimated CES function with variable returns to scale

Call:
cesEst (yName = "y2", xNames = c("x1", "x2"), data = cesData,
vrs = TRUE, method = "NM")

Estimation by non-linear least-squares using the Nelder-Mead optimizer
assuming an additive error term
Convergence achieved after 265 iteratiomns

Coefficients:

Estimate Std. Error t value Pr(>lt])
gamma 1.02399 0.11564 8.855 <2e-16 ***
delta 0.62224 0.02845 21.872 <2e-16 **x
rho 0.54212 0.29095 1.863 0.0624 .
nu 1.08576 0.04569 23.763 <2e-16 *x*x

Signif. codes: 0 *xx 0.001 =*x 0.01 =* 0.05 . 0.1 1

Residual standard error: 2.446577
Multiple R-squared: 0.7649817

Elasticity of Substitution:
Estimate Std. Error t value Pr(>|tl)
E_1_2 (all) 0.6485 0.1223 5.3 1.16e-07 *x*x*

Signif. codes: 0O *xx 0.001 =*x 0.01 * 0.05 . 0.1 1

Simulated Annealing

The Simulated Annealing algorithm was initially proposed by Kirkpatrick, Gelatt, and Vecchi
(1983) and Cerny (1985) and is a modification of the Metropolis-Hastings algorithm. Every
iteration chooses a random solution close to the current solution, while the probability of the
choice is driven by a global parameter T" which decreases as the algorithm moves on. Unlike
other iterative optimisation algorithms, Simulated Annealing also allows T' to increase which
makes it possible to leave local minima. Therefore, Simulated Annealing is a robust global
optimiser and it can be applied to a large search space, where it provides fast and reliable
solutions. Setting argument method to "SANN" selects a variant of the “Simulated Annealing”
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algorithm given in Bélisle (1992). The user can modify some details of the “Simulated An-
nealing” algorithm (e.g., the starting temperature 7" or the number of function evaluations
at each temperature) by adding a further argument control as described in the “Details”
section of the documentation of the R function optim. The only criterion for stopping this
iterative process is the number of iterations and it does not indicate whether the algorithm
converged or not.

R> cesSann <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs = TRUE, method = "SANN" )
R> summary( cesSann )

Estimated CES function with variable returns to scale

Call:
cesEst(yName = "y2", xNames = c("x1", "x2"), data = cesData,
vrs = TRUE, method = "SANN")

Estimation by non-linear least-squares using the SANN optimizer
assuming an additive error term

Coefficients:

Estimate Std. Error t value Pr(>|t])
gamma 1.01104 0.11477 8.809 <2e-16 ***
delta 0.63414 0.02954 21.469 <2e-16 *x*x
rho 0.71252 0.31440 2.266 0.0234 *
nu 1.09179 0.04590 23.784 <2e-16 *x*x

Signif. codes: 0 *xx 0.001 =*x 0.01 * 0.05 . 0.1 1

Residual standard error: 2.449907
Multiple R-squared: 0.7643416

Elasticity of Substitution:
Estimate Std. Error t value Pr(>|tl)
E_1_2 (all) 0.5839 0.1072 5.447 5.12e-08 ***

Signif. codes: 0O *xx 0.001 =*x 0.01 * 0.05 . 0.1 1

As the Simulated Annealing algorithm makes use of random numbers, the solution generally
depends on the initial “state” of R’s random number generator. To ensure replicability, cesEst
“seeds” the random number generator before it starts the “Simulated Annealing” algorithm
with the value of argument random.seed, which defaults to 123. Hence, the estimation of
the same model using this algorithm always returns the same estimates as long as argument
random. seed is not altered (at least using the same software and hardware components).

R> cesSann2 <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs = TRUE, method = "SANN" )
R> all.equal( cesSann, cesSann2 )

(1] TRUE
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It is recommended to start this algorithm with different values of argument random.seed and
to check whether the estimates differ considerably.

R> cesSann3 <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs = TRUE, method = "SANN",
+ random.seed = 1234 )
R> cesSann4 <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs = TRUE, method = "SANN",
+ random.seed = 12345 )
R> cesSannb <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs = TRUE, method = "SANN",

+ random.seed = 123456 )

R> m <- rbind( cesSann = coef( cesSann ), cesSann3 = coef( cesSann3 ),
+ cesSann4 = coef( cesSann4 ), cesSann5 = coef( cesSann5 ) )

R> rbind( m, stdDev = sd( m ) )

gamma delta rho nu
cesSann 1.011041588 0.63413533 0.7125172 1.091787653
cesSann3d 1.020815431 0.62383022 0.4716324 1.082790909
cesSann4 1.022048135 0.63815451 0.5632106 1.086868475
cesSann5 1.010198459 0.61496285 0.5284805 1.093646831
stdDev  0.006271878 0.01045467 0.1028802 0.004907647

If the estimates differ remarkably, the user can try increasing the number of iterations, which
is 10,000 by default. Now we will re-estimate the model a few times with 100,000 iterations
each.

R> cesSannB <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs = TRUE, method = "SANN",
+ control = list( maxit = 100000 ) )

R> cesSannB3 <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs = TRUE, method = "SANN",
+ random.seed = 1234, control = list( maxit = 100000 ) )
R> cesSannB4 <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs = TRUE, method = "SANN",
+ random.seed = 12345, control = list( maxit = 100000 ) )
R> cesSannB5 <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs = TRUE, method = "SANN",

+ random.seed = 123456, control = list( maxit = 100000 ) )

R> m <- rbind( cesSannB = coef( cesSannB ), cesSannB3 = coef( cesSannB3 ),
+ cesSannB4 = coef( cesSannB4 ), cesSannB5 = coef( cesSannB5 ) )

R> rbind( m, stdDev = sd( m ) )

gamma delta rho nu
cesSannB 1.033763293 0.62601393 0.56234286 1.082088383
cesSannB3 1.038618559 0.62066224 0.57456297 1.079761772
cesSannB4 1.034458497 0.62048736 0.57590347 1.081348376
cesSannB5 1.023286165 0.62252710 0.52591584 1.086867351
stdDev 0.006525824 0.00256597 0.02332247 0.003058661

Now the estimates are much more similar—only the estimates of p still differ somewhat.

Di erential Evolution

In contrary to the other algorithms described in this paper, the Differential Evolution al-
gorithm (Storn and Price 1997; Price, Storn, and Lampinen 2006) belongs to the class of
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evolution strategy optimisers and convergence cannot be proven analytically. However, the
algorithm has proven to be effective and accurate on a large range of optimisation problems,
inter alia the CES function (Mishra 2007). For some problems, it has proven to be more accur-
ate and more efficient than Simulated Annealing, Quasi-Newton, or other genetic algorithms
(Storn and Price 1997; Ali and T6rn 2004; Mishra 2007). Function cesEst uses a Differen-
tial Evolution optimiser for the non-linear least-squares estimation of the CES function, if
argument method is set to "DE". The user can modify the Differential Evolution algorithm
(e.g., the differential evolution strategy or selection method) or change some details (e.g., the
number of population members) by adding a further argument control as described in the
documentation of the R function DEoptim.control. In contrary to the other optimisation al-
gorithms, the Differential Evolution method requires finite boundaries for the parameters. By
default, the bounds are 0 < v < 10'%; 0 < 61, 62,6 < 1; —1 < py,p2,p < 10; and 0 < v < 10.
Of course, the user can specify own lower and upper bounds by setting arguments lower and
upper to numeric vectors.

R> cesDe <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs = TRUE, method = "DE",
+ control = list( trace = FALSE ) )
R> summary( cesDe )

Estimated CES function with variable returns to scale

Call:
cesEst(yName = "y2", xNames = c("x1", "x2"), data = cesData,
vrs = TRUE, method = "DE", control = list(trace = FALSE))

Estimation by non-linear least-squares using the DE optimizer
assuming an additive error term

Coefficients:

Estimate Std. Error t value Pr(>|t|)
gamma 1.01905 0.11510 8.854 <2e-16 ***
delta 0.62368 0.02835 21.999 <2e-16 ***
rho 0.52300 0.28832 1.814 0.0697 .
nu 1.08753 0.04570 23.799 <2e-16 **x*

Signif. codes: 0 **xx 0.001 =*x 0.01 * 0.05 . 0.1 1

Residual standard error: 2.446653
Multiple R-squared: 0.7649671

Elasticity of Substitution:
Estimate Std. Error t value Pr(>|tl)
E_1_2 (all) 0.6566 0.1243 5.282 1.28e-07 ***

Signif. codes: 0 *xx 0.001 =*x 0.01 * 0.05 . 0.1 1
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Like the “Simulated Annealing” algorithm, the Differential Evolution algorithm makes use of
random numbers and cesEst “seeds” the random number generator with the value of argument
random. seed before it starts this algorithm to ensure replicability.

R> cesDe2 <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs = TRUE, method = "DE",
+ control = list( trace = FALSE ) )
R> all.equal( cesDe, cesDe2 )

[1] TRUE

When using this algorithm, it is also recommended to check whether different values of argu-
ment random. seed result in considerably different estimates.

R> cesDe3 <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs =
+ random.seed = 1234, control = list( trace = FALSE ) )
R> cesDe4 <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs =
+ random.seed = 12345, control = list( trace = FALSE ) )
R> cesDeb <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs = TRUE, method = "DE",
+ random.seed = 123456, control = list( trace = FALSE ) )

R> m <- rbind( cesDe = coef( cesDe ), cesDe3 = coef( cesDe3 ),

+ cesDed = coef( cesDed ), cesDe5 = coef( cesDe5 ) )

R> rbind( m, stdDev = sd( m ) )

TRUE, method "DE",

TRUE, method = "DE",

gamma delta rho nu
cesDe 1.01905185 0.623675438 0.5230009 1.08753121
cesDe3 1.04953088 0.620315935 0.5445222 1.07557854
cesDed4 1.01957930 0.621812211 0.5526993 1.08766039
cesDeb 1.02662390 0.623304969 0.5762994 1.08555290
stdDev 0.01431211 0.001535595 0.0220218 0.00574962

These estimates are rather similar, which generally indicates that all estimates are close to
the optimum (minimum of the sum of squared residuals). However, if the user wants to
obtain more precise estimates than those derived from the default settings of this algorithm,
e.g., if the estimates differ considerably, the user can try to increase the maximum number of
population generations (iterations) using control parameter itermax, which is 200 by default.
Now we will re-estimate this model a few times with 1,000 population generations each.

R> cesDeB <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs = TRUE, method = "DE",
+ control = list( trace = FALSE, itermax = 1000 ) )

R> cesDeB3 <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs = TRUE, method = "DE",
+ random.seed = 1234, control = list( trace = FALSE, itermax = 1000 ) )
R> cesDeB4 <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs = TRUE, method = "DE",

+ random.seed = 12345, control = list( trace = FALSE, itermax = 1000 ) )
R> cesDeB5 <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs = TRUE, method = "DE",
+ random.seed = 123456, control = list( trace = FALSE, itermax = 1000 ) )
R> rbind( cesDeB = coef( cesDeB ), cesDeB3 = coef( cesDeB3 ),

+ cesDeB4 = coef( cesDeB4 ), cesDeB5 = coef( cesDeB5 ) )
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gamma delta rho nu
cesDeB 1.023852 0.6221982 0.5419226 1.08582
cesDeB3 1.023853 0.6221982 0.5419226 1.08582
cesDeB4 1.023852 0.6221982 0.5419226 1.08582
cesDeB5 1.023852 0.6221982 0.5419226 1.08582

The estimates are now virtually identical.

The user can further increase the likelihood of finding the global optimum by increasing the
number of population members using control parameter NP, which is 10 times the number
of parameters by default and should not have a smaller value than this default value (see
documentation of the R function DEoptim.control).

3.4. Constraint parameters

As a meaningful analysis based on a CES function requires that the function is consistent with
economic theory, it is often desirable to constrain the parameter space to the economically
meaningful region. This can be done by the Differential Evolution (DE) algorithm as described
above. Moreover, function cesEst can use two gradient-based optimisation algorithms for
estimating a CES function under parameter constraints.

L-BFGS-B

One of these methods is a modification of the BFGS algorithm suggested by Byrd, Lu, No-
cedal, and Zhu (1995). In contrast to the ordinary BFGS algorithm summarised above, the
so-called L-BFGS-B algorithm allows for box-constraints on the parameters and also does not
explicitly form or store the Hessian matrix, but instead relies on the past (often less than
10) values of the parameters and the gradient vector. Therefore, the L-BFGS-B algorithm is
especially suitable for high dimensional optimisation problems, but—of course—it can also be
used for optimisation problems with only a few parameters (as the CES function). Function
cesEst estimates a CES function with parameter constraints using the L-BFGS-B algorithm
if argument method is set to "L-BFGS-B". The user can tweak some details of this algorithm
(e.g., the number of BFGS updates) by adding a further argument control as described in the
“Details” section of the documentation of the R function optim. By default, the restrictions
on the parameters are 0 < v < 00; 0 < 01,02,0 < 1; =1 < p1,p9,p < 00; and 0 < v < 0.
The user can specify own lower and upper bounds by setting arguments lower and upper to
numeric vectors.

R> cesLbfgsb <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs = TRUE,
+ method = "L-BFGS-B" )
R> summary( cesLbfgsb )

Estimated CES function with variable returns to scale

Call:
cesEst(yName = "y2", xNames = c("x1", "x2"), data = cesData,
vrs = TRUE, method = "L-BFGS-B")
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Estimation by non-linear least-squares using the L-BFGS-B optimizer
assuming an additive error term

Convergence achieved after 35 function and 35 gradient calls

Message: CONVERGENCE: REL_REDUCTION_OF_F <= FACTR*EPSMCH

Coefficients:

Estimate Std. Error t value Pr(>|t])
gamma 1.02385 0.11562 8.855 <2e-16 *x*x
delta 0.62220 0.02845 21.873 <2e-16 ***
rho 0.54192 0.29090 1.863 0.0625 .
nu 1.08582 0.04569 23.765 <2e-16 *x*x

Signif. codes: 0O *xx 0.001 =*x 0.01 =* 0.05 . 0.1 1

Residual standard error: 2.446577
Multiple R-squared: 0.7649817

Elasticity of Substitution:
Estimate Std. Error t value Pr(>[t|)
E_1_2 (all) 0.6485 0.1224 5.3 1.16e-07 **x*

Signif. codes: 0O *xx 0.001 =*x 0.01 =* 0.05 . 0.1 1

PORT routines

The so-called PORT routines (Gay 1990) include a quasi-Newton optimisation algorithm
that allows for box constraints on the parameters and has several advantages over traditional
Newton routines, e.g., trust regions and reverse communication. Setting argument method to
"PORT" selects the optimisation algorithm of the PORT routines. The user can modify a few
details of the Newton algorithm (e.g., the minimum step size) by adding a further argument
control as described in section “Control parameters” of the documentation of R function
nlminb. The lower and upper bounds of the parameters have the same default values as for
the L-BFGS-B method.

R> cesPort <- cesEst( "y2", c( "x1", "x2" ), cesData, vrs = TRUE,
+ method = "PORT" )
R> summary( cesPort )

Estimated CES function with variable returns to scale

Call:
cesEst(yName = "y2", xNames = c("x1", "x2"), data = cesData,
vrs = TRUE, method = "PORT")

Estimation by non-linear least-squares using the PORT optimizer
assuming an additive error term
Convergence achieved after 27 iterations
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Message: relative convergence (4)

Coefficients:

Estimate Std. Error t value Pr(>lt])
gamma 1.02385 0.11562 8.855 <2e-16 ***
delta 0.62220 0.02845 21.873 <2e-16 *x*x
rho 0.54192 0.29091 1.863 0.0625 .
nu 1.08582 0.04569 23.765 <2e-16 *x*x

Signif. codes: 0 *xx 0.001 =*x 0.01 * 0.05 . 0.1 1

Residual standard error: 2.446577
Multiple R-squared: 0.7649817

Elasticity of Substitution:
Estimate Std. Error t value Pr(>|tl)
E_1_2 (all) 0.6485 0.1224 5.3 1.16e-07 **x*

Signif. codes: 0 *xx 0.001 =*x 0.01 * 0.05 . 0.1 1

3.5. Technological change

Estimating the CES function with time series data usually requires an extension of the CES
functional form in order to account for technological change (progress). So far, accounting
for technological change in CES functions basically boils down to two approaches:

Hicks-neutral technological change

y=7 e (sa? + (1= 8)a5") 7, (13)

AN

where ~ is (as before) an efficiency parameter, \ is the rate of technological change, and
t is a time variable.

factor augmenting (non-neutral) technological change

v (o) " (e ) (1)

where A\; and A2 measure input-specific technological change.

There is a lively ongoing discussion about the proper way to estimate CES functions with
factor augmenting technological progress (e.g., Klump, McAdam, and Willman 2007; Luoma
and Luoto 2010; Leén-Ledesma, McAdam, and Willman 2010). Although many approaches
seem to be promising, we decided to wait until a state-of-the-art approach emerges before
including factor augmenting technological change into micEconCES. Therefore, micEconCES
only includes Hicks-neutral technological change at the moment.
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rhol, rho2, and rho being all single scalars (or NULL if the corresponding substitution para-
meter is neither included in the grid search nor fixed at a pre-defined value), it estimates the
CES function by non-linear least-squares with the corresponding substitution parameters (p1,
p2, and/or p) fixed at the values specified in the corresponding arguments.

4.4. Calculating output and the sum of squared residuals

Function cesCalc can be used to calculate the output quantity of the CES function given
input quantities and coefficients. A few examples of using cesCalc are shown in the beginning
of Section 3, where this function is applied to generate the output variables of an artificial
data set for demonstrating the usage of cesEst. Furthermore, the cesCalc function is called
by the internal function cesRss that calculates and returns the sum of squared residuals,
which is the objective function in the non-linear least-squares estimations. If at least one
substitution parameter (p1, p2, p) is equal to zero, the CES functions are not defined. In
this case, cesCalc returns the limit of the output quantity for p;, p2, and/or p approaching
zero.'? In case of nested CES functions with three or four inputs, function cesCalc calls the
internal functions cesCalcN3 or cesCalcN4 for the actual calculations.

We noticed that the calculations with cesCalc using Equations 1, 3, or 4 are imprecise if at
least one of the substitution parameters (p1, p2, p) is close to 0. This is caused by round-
ing errors that are unavoidable on digital computers, but are usually negligible. However,
rounding errors can become large in specific circumstances, e.g., in CES functions with very
small (in absolute terms) substitution parameters, when first very small (in absolute terms)
exponents (e.g., —p1, —p2, or —p) and then very large (in absolute terms) exponents (e.g.,
p/p1, p/p2, or —v/p) are applied. Therefore, for the traditional two-input CES function (1),
cesCalc uses a first-order Taylor series approximation at the point p = 0 for calculating the
output, if the absolute value of p is smaller than, or equal to, argument rhoApprox, which is
5-107° by default. This first-order Taylor series approximation is the Kmenta approximation
defined in Equation 5.1 We illustrate the rounding errors in the left panel of Figure 5, which
has been created by following commands.

R> rhoData <- data.frame( rho = seq( -2e-6, 2e-6, 5e-9 ),

+ yCES = NA, yLin = NA )

R> # calculate dependent variables

R> for( i in 1:nrow( rhoData ) ) {

# vector of coefficients

cesCoef <- c¢( gamma = 1, delta = 0.6, rho = rhoData$rho[ i ], nu = 1.1 )

rhoData$yLin[ i ] <- cesCalc( xNames = c( "x1", "x2" ), data = cesDatall,],
coef = cesCoef, rhoApprox = Inf )

rhoData$yCES[ i ] <- cesCalc( xNames = c( "x1", "x2" ), data = cesDatall,],
coef = cesCoef, rhoApprox = 0 )

+ + + + + + +

}

12The limit of the traditional two-input CES function (1) for p approaching zero is equal to the exponential
function of the Kmenta approximation (5) calculated with p = 0. The limits of the three-input (4) and four-
input (3) nested CES functions for p1, p2, and/or p approaching zero are presented in Appendices B.1 and C.1,
respectively.

13 The derivation of the first-order Taylor series approximations based on Uebe (2000) is presented in
Appendix A.1.
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R> # normalise output variables

R> rhoData$yCES <- rhoData$yCES - rhoData$yLin[ rhoData$rho == 0 ]

R> rhoData$yLin <- rhoData$yLin - rhoData$yLin[ rhoData$rho == 0 ]

R> plot( rhoData$rho, rhoData$yCES, type = "1", col = "red",

+ xlab = "rho", ylab = "y (normalised, red = CES, black = linearised)" )
R> lines( rhoData$rho, rhoData$yLin )
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Figure 5: Calculated output for different values of p.

The right panel of Figure 5 shows that the relationship between p and the output y can be
rather precisely approximated by a linear function, because it is nearly linear for a wide range
of p values.™

In case of nested CES functions, if at least one substitution parameter (pi, p2, p) is close to
zero, cesCalc uses linear interpolation in order to avoid rounding errors. In this case, cesCalc
calculates the output quantities for two different values of each substitution parameter that
is close to zero, i.e., zero (using the formula for the limit for this parameter approaching
zero) and the positive or negative value of argument rhoApprox (using the same sign as this
parameter). Depending on the number of substitution parameters (p1, p2, p) that are close to
zero, a one-, two-, or three-dimensional linear interpolation is applied. These interpolations
are performed by the internal functions cesInterN3 and cesInterN4.'

When estimating a CES function with function cesEst, the user can use argument rhoApprox
to modify the threshold to calculate the dependent variable by the Taylor series approxima-
tion or linear interpolation. Argument rhoApprox of cesEst must be a numeric vector, where
the first element is passed to cesCalc (partly through cesRss). This might not only affect
the fitted values and residuals returned by cesEst (if at least one of the estimated substitu-

1The commands for creating the right panel of Figure 5 are not shown here, because they are the same as
the commands for the left panel of this figure except for the command for creating the vector of p values.

15We use a different approach for the nested CES functions than for the traditional two-input CES function,
because calculating Taylor series approximations of nested CES functions (and their derivatives with respect to
coefficients, see the following section) is very laborious and has no advantages over using linear interpolation.
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tion parameters is close to zero), but also the estimation results (if one of the substitution
parameters was close to zero in one of the steps of the iterative optimisation routines).

4.5. Partial derivatives with respect to coefficients

The internal function cesDerivCoef returns the partial derivatives of the CES function with
respect to all coefficients at all provided data points. For the traditional two-input CES
function, these partial derivatives are:

gz -y <5x;P +(1- 5):,;;'“)7% (15)

Yy gg (16)

gz - - 'ye)‘t% (207 = 25°) (6277 + (1 - 5):55'”)7%71 (17)

g?; = et p% In (627” + (1 = 8)a5”) (do7” + (1 - 5):,;;0)*% (18)
+oyett % (5tm(e)ar? + (1 = ) In(ws)z”) (5277 + (1= 0)a5”) 7

% _ ye”; In (d2” + (1= )*) (62,7 + (1 - 5):0513)7% (19)

These derivatives are not defined for p = 0 and are imprecise if p is close to zero (similar to
the output variable of the CES function, see Section 4.4). Therefore, if p is zero or close to
zero, we calculate these derivatives by first-order Taylor series approximations at the point
p = 0 using the limits for p approaching zero:'6

ay v v(1-6 P
877 - e)‘txl‘s T (1 )exp (—5 vd(1—90)(lnzy — lnx2)2) (20)
g'z =~veMy (Inz; — Inxy) 2}’ :Cg(lfé) (21)
(1 — g[l —204+vé(1—96)(Inzy — lnxg)] (Inz; — lnx2)>
@ — ,Ye)\ty(s (1 o 5) .1711/6 x;(l_é) — 1 (111.’171 — lng}Q)Q (22)
op 2
+ g(l —268) (Inzy —Inag)® + g vo(l—90)(Inzy — 1n:1:2)4>
% = ye’\txlf‘s x;(lﬂs) <51nx1 +(1=90)Inxs (23)
v

- g5(1 — &) (Inzy —Inzg)?*[1+ v (flnz + (1—96) lnxg)]>

If p is zero or close to zero, the partial derivatives with respect to A are calculated also with
Equation 16, but now dy/dy is calculated with Equation 20 instead of Equation 15.

The partial derivatives of the nested CES functions with three and four inputs with respect
to the coefficients are presented in Appendices B.2 and C.2, respectively. If at least one

16 The derivations of these formulas are presented in Appendix A.2.
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substitution parameter (p1, p2, p) is exactly zero or close to zero, cesDerivCoef uses the same
approach as cesCalc to avoid large rounding errors, i.e., using the limit for these parameters
approaching zero and potentially a one-, two-, or three-dimensional linear interpolation. The
limits of the partial derivatives of the nested CES functions for one or more substitution
parameters approaching zero are also presented in Appendices B.2 and C.2. The calculation of
the partial derivatives and their limits are performed by several internal functions with names
starting with cesDerivCoefN3 and cesDerivCoefN4.!” The one- or more-dimensional linear
interpolations are (again) performed by the internal functions cesInterN3 and cesInterN4.

Function cesDerivCoef has an argument rhoApprox that can be used to specify the threshold
levels for defining when p1, p2, and p are “close” to zero. This argument must be a numeric
vector with exactly four elements: the first element defines the threshold for dy/dvy (default
value 5 - 1079), the second element defines the threshold for dy/d61, 0y/0d2, and Oy/0d
(default value 5 - 1079), the third element defines the threshold for dy/dp1, dy/dp2, and
Oy /0p (default value 1073), and the fourth element defines the threshold for dy/dv (default
value 5-1079).

Function cesDerivCoef is used to provide argument jac (which should be set to a func-
tion that returns the Jacobian of the residuals) to function nls.1lm so that the Levenberg-
Marquardt algorithm can use analytical derivatives of each residual with respect to all coef-
ficients. Furthermore, function cesDerivCoef is used by the internal function cesRssDeriv,
which calculates the partial derivatives of the sum of squared residuals (RSS) with respect to

all coefficients by:
N

ORSS 0y;

%= (u aye) , (24)
where N is the number of observations, u; is the residual of the ith observation, 6 € {~, d1, d2,
0, p1,p2, p, v} is a coefficient of the CES function, and dy; /00 is the partial derivative of the
CES function with respect to coefficient 6 evaluated at the ith observation as returned by
function cesDerivCoef. Function cesRssDeriv is used to provide analytical gradients for the
other gradient-based optimisation algorithms, i.e., Conjugate Gradients, Newton-type, BFGS,
L-BFGS-B, and PORT. Finally, function cesDerivCoef is used to obtain the gradient matrix
for calculating the asymptotic covariance matrix of the non-linear least-squares estimator (see
Section 4.6).

When estimating a CES function with function cesEst, the user can use argument rhoApprox
to specify the thresholds below which the derivatives with respect to the coefficients are
approximated by Taylor series approximations or linear interpolations. Argument rhoApprox
of cesEst must be a numeric vector of five elements, where the second to the fifth element of

17 The partial derivatives of the nested CES function with three inputs are calculated by:

cesDerivCoefN3Gamma (dy/0~), cesDerivCoefN3Lambda (9y/0)), cesDerivCoefN3Deltal (dy/9d1),
cesDerivCoefN3Delta (Jy/09), cesDerivCoefN3Rhol (9y/0p1), cesDerivCoefN3Rho (dy/dp), and
cesDerivCoefN3Nu (dy/dv) with helper functions cesDerivCoefN3B1 (returning By = di1z] ' + (1 — 61)z; 1),
cesDerivCoefN3L1 (returning L; = dilnz; + (1 — d1)Inzs), and cesDerivCoefN3B (returning
B = 6Blp/p1 + (1 — §)a3”). The partial derivatives of the nested CES function with four inputs are
calculated by: cesDerivCoefN4Gamma (dy/0~), cesDerivCoefN4Lambda (9y/d)), cesDerivCoefN4Deltal
(0y/061), cesDerivCoefN4Delta2 (Jy/d62), cesDerivCoefN4Delta (Jy/0d), cesDerivCoefN4Rhol (dy/dp1),
cesDerivCoefN4Rho2 (Qy/dp2), cesDerivCoefN4Rho (dy/0p), and cesDerivCoefN4Nu (Qy/0v) with helper
functions cesDerivCoefN4Bl (returning Bi1 = &z " + (1 — &1)xz; "), cesDerivCoefNALl (returning
Ly =611nz1 4+ (1 —61) Inz2), cesDerivCoefN4B2 (returning Bz = d2x3 72 4 (1 — d2)x; ?), cesDerivCoefN4L2
(returning Lz = d2Inxs + (1 — d2) Inz4), and cesDerivCoefN4B (returning B = 5Bf/p1 +(1- 6)35/”2).
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this vector are passed to cesDerivCoef. The choice of the threshold might not only affect the
covariance matrix of the estimates (if at least one of the estimated substitution parameters
is close to zero), but also the estimation results obtained by a gradient-based optimisation
algorithm (if one of the substitution parameters is close to zero in one of the steps of the
iterative optimisation routines).

4.6. Covariance matrix

The asymptotic covariance matrix of the non-linear least-squares estimator obtained by the
various iterative optimisation methods is calculated by:

5 <(gg)T gg) R (25)

(Greene 2008, p. 292), where 9y /06 denotes the N x k gradient matrix (defined in Equations 15
to 19 for the traditional two-input CES function and in Appendices B.2 and C.2 for the nested
CES functions), N is the number of observations, k is the number of coefficients, and &2
denotes the estimated variance of the residuals. As Equation 25 is only valid asymptotically,
we calculate the estimated variance of the residuals by

6% = = EN u? (26)
7‘7 7
i=1

i.e., without correcting for degrees of freedom.

4.7. Starting values

If the user calls cesEst with argument start set to a vector of starting values, the internal
function cesEstStart checks if the number of starting values is correct and if the individual
starting values are in the appropriate range of the corresponding parameters. If no starting
values are provided by the user, function cesEstStart determines the starting values auto-
matically. The starting values of 1, d2, and & are set to 0.5. If the coefficients p1, p2, and
p are estimated (not fixed as, e.g., during grid search), their starting values are set to 0.25,
which generally corresponds to an elasticity of substitution of 0.8. The starting value of v is
set to 1, which corresponds to constant returns to scale. If the CES function includes a time
variable, the starting value of A is set to 0.015, which corresponds to a technological progress
of 1.5% per time period. Finally, the starting value of v is set to a value so that the mean of
the residuals is equal to zero, i.e.

N

_ Zi:1 Yi o7
T=F (27)

Y1 CES;
where CES; indicates the (nested) CES function evaluated at the input quantities of the ith
observation and with coefficient v equal to one, all “fixed” coefficients (e.g., p1, p2, or p) equal
to their pre-selected values, and all other coefficients equal to the above-described starting
values.
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4.8. Other internal functions

The internal function cesCoefAddRho is used to add the values of p1, p2, and p to the vector
of coefficients, if these coefficients are fixed (e.g., during grid search for p) and hence, are not
included in the vector of estimated coefficients.

If the user selects the optimisation algorithm Differential Evolution, L-BFGS-B, or PORT, but
does not specify lower or upper bounds of the coefficients, the internal function cesCoefBounds
creates and returns the default bounds depending on the optimisation algorithm as described
in Sections 3.3 and 3.4.

The internal function cesCoefNames returns a vector of character strings, which are the names
of the coefficients of the CES function.

The internal function cesCheckRhoApprox checks argument rhoApprox of functions cesEst,
cesDerivCoef, cesRss, and cesRssDeriv.

4.9. Methods

The micEconCES package makes use of the “S3” class system of the R language introduced in
Chambers and Hastie (1992). Objects returned by function cesEst are of class "cesEst" and
the micEconCES package includes several methods for objects of this class. The print method
prints the call, the estimated coefficients, and the estimated elasticities of substitution. The
coef, vcov, fitted, and residuals methods extract and return the estimated coeflicients,
their covariance matrix, the fitted values, and the residuals, respectively.

The plot method can only be applied if the model is estimated by grid search (see Sec-
tion 3.6). If the model is estimated by a one-dimensional grid search for py, pa, or p, this
method plots a simple scatter plot of the pre-selected values against the corresponding sums
of the squared residuals by using the commands plot.default and points of the graphics
package (R Development Core Team 2011). In case of a two-dimensional grid search, the
plot method draws a perspective plot by using the command persp of the graphics package
(R Development Core Team 2011) and the command colorRampPalette of the grDevices
package (R Development Core Team 2011) (for generating a colour gradient). In case of a
three-dimensional grid search, the plot method plots three perspective plots by holding one
of the three coefficients p1, p2, and p constant in each of the three plots.

The summary method calculates the estimated standard error of the residuals (), the covari-
ance matrix of the estimated coefficients and elasticities of substitution, the R? value as well
as the standard errors, t-values, and marginal significance levels (P-values) of the estimated
parameters and elasticities of substitution. The object returned by the summary method is of
class "summary.cesEst". The print method for objects of class "summary.cesEst" prints the
call, the estimated coefficients and elasticities of substitution, their standard errors, t-values,
and marginal significance levels as well as some information on the estimation procedure (e.g.,
algorithm, convergence). The coef method for objects of class "summary.cesEst" returns a
matrix with four columns containing the estimated coefficients, their standard errors, t-values,
and marginal significance levels, respectively.
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Hicks-McFadden elasticity of substitution (see Sato 1967)

( 1,1
0, 0,
1 1 1 1
(1—=p1) (9@_9*) + (1= p2) <0]‘_0>+(1_ )<9*_
0'1'7]' =
(1—p)"
(1= p2)7"
with

L

6" = 5BJ* - yP
L
0= (1-6)Bg? -y
_pP1—P
91 = (5(51:B1_plBl ST yp
_pP1—p
02 = (5(1 — 51)$;plBl LS yp
_p2—p
93 = (1 — 5)52x§p2B2 P2 -yp
_p2—p

04 = (1 — 5)(1 — 52)$ZP2B2 r2o. yp

fori=1,2; j = 3,4

fori=1; j=2

fori=3, j=4
(386)

(387)
(3883)
(389)
(390)
(391)

(392)
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D. Script for replicating the analysis of Kemfert (1998)

# load the micEconCES package
library ( "micEconCES" )

# load the data set
data( "GermanIndustry" )

# remove years 1973 - 1975 because of economic disruptions (see Kemfert 1998)

GermanIndustry <- subset( GermanIndustry, year < 1973 | year > 1975, )

# add a time trend (starting with 0)
GermanIndustry$time <- GermanIndustry$year

# names of inputs

XNamesl <- C( ”K”, ”E”, NA” )
xNames2 <- C( "K”, "A”, ngn )
XNames3 <— C( ”E”, ”A”, ”K” )

HAHHHRHRARARARA#E econometric estimation w

## Nelder-Mead

cesNml <- cesEst( "Y", xNames1, tName = "t
method = "NM", control = list( maxit =

summary ( cesNm1 )

cesNm2 <- cesEst( "Y", xNames2, tName = "t
method = "NM", control = list( maxit =

summary ( cesNm2 )

cesNm3 <- cesEst( "Y", xNames3, tName = "t
method = "NM", control = list( maxit

summary ( cesNm3 )

## Simulated Annealing

cesSannl <- cesEst( "Y", xNamesl, tName =
method = "SANN", control = list( maxit

summary ( cesSanni )

cesSann2 <- cesEst( "Y", xNames2, tName =
method = "SANN", control = list( maxit

summary ( cesSann2 )

cesSann3 <- cesEst( "Y", xNames3, tName =
method = "SANN", control = list( maxit

summary ( cesSann3 )

## BFGS

cesBfgsl <- cesEst( "Y", xNamesl, tName =
method = "BFGS", control = list( maxit

summary ( cesBfgsl )

cesBfgs2 <- cesEst( "Y", xNames2, tName =
method = "BFGS", control = list( maxit

summary ( cesBfgs2 )

cesBfgs3 <- cesEst( "Y", xNames3, tName =
method = "BFGS", control = list( maxit

summary ( cesBfgs3 )

## L-BFGS-B
cesBfgsConl <- cesEst( "Y", xNamesl, tName

- 1960

1th cesEst HHHHHARHHHAHHHHAHIHHHHRIHHH

ime", data
5000 ) )

ime", data =
5000 ) )

ime", data =
5000 ) )

"time", data
= 2e6 ) )

"time", data
= 2e6 ) )

"time", data
= 2e6 ) )

"time", data
= 5000 ) )

"time", data
= 5000 ) )

"time", data
= 5000 ) )

= "time", data = GermanIndustry,

GermanIndustry,

GermanIndustry,

GermanIndustry,

= GermanIndustry,

= GermanIndustry,

= GermanIndustry,

= GermanIndustry,

= GermanIndustry,

= GermanIndustry,
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method = "L-BFGS-B", control = list( maxit = 5000 ) )
summary ( cesBfgsConl )
cesBfgsCon2 <- cesEst( "Y", xNames2, tName = "time", data
method = "L-BFGS-B", control = list( maxit = 5000 ) )
summary ( cesBfgsCon2 )
cesBfgsCon3 <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,
method = "L-BFGS-B", control = list( maxit = 5000 ) )
summary ( cesBfgsCon3 )

GermanIndustry,

## Levenberg-Marquardt

cesLml <- cesEst( "Y", xNamesl, tName = "time", data = GermanIndustry,
control = nis.Im.control ( maxiter = 1000, maxfev = 2000 ) )

summary ( cesLml )

cesLm2 <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
control = nis.Im.control ( maxiter = 1000, maxfev = 2000 ) )

summary ( cesLm2 )

cesLm3 <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,
control = nis.Im.control ( maxiter = 1000, maxfev = 2000 ) )

summary ( cesLm3 )

## Levenberg-Marquardt, multiplicative error term

cesLmiMe <- cesEst( "Y", xNamesl, tName = "time", data = GermanIndustry,
multErr = TRUE, control = nls.Im.control ( maxiter = 1000, maxfev = 2000 ) )

summary ( cesLmiMe )

cesLm2Me <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
multErr = TRUE, control = nls.Im.control ( maxiter = 1000, maxfev = 2000 ) )

summary ( cesLm2Me )

cesLm3Me <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,
multErr = TRUE, control = nls.Im.control ( maxiter = 1000, maxfev = 2000 ) )

summary ( cesLm3Me )

## Newton-type

cesNewtonl <- cesEst( "Y", xNamesl, tName = "time", data = GermanIndustry,
method = "Newton", iterlim = 500 )

summary ( cesNewtonl )

cesNewton2 <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
method = "Newton", iterlim = 500 )

summary ( cesNewton2 )

cesNewton3 <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,
method = "Newton", iterlim = 500 )

summary ( cesNewton3 )

## PORT

cesPortl <- cesEst( "Y", xNamesl, tName = "time", data = GermanIndustry,

method = "PORT", control = list( eval.max = 1000, iter.max = 1000 ) )
summary ( cesPortl )
cesPort2 <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
method = "PORT", control = list( eval.max = 1000, iter.max = 1000 ) )
summary ( cesPort2 )
cesPort3 <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,
method = "PORT", control = list( eval.max = 1000, iter.max = 1000 ) )
summary ( cesPort3 )

## PORT, multiplicative error

cesPortiMe <- cesEst( "Y", xNamesl, tName = "time", data = GermanIndustry,
method = "PORT", multErr = TRUE,
control = list( eval.max = 2000, iter.max = 2000 ) )
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summary ( cesPortiMe )

cesPort2Me <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
method = "PORT", multErr = TRUE,
control = list( eval.max = 1000, iter.max = 1000 ) )

summary ( cesPort2Me )

cesPort3Me <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,
method = "PORT", multErr = TRUE,
control = list( eval.max = 1000, iter.max = 1000 ) )

summary ( cesPort3Me )

## DE

cesDel <- cesEst( "Y", xNamesl, tName = "time", data = GermanIndustry,
method = "DE", control = DEoptim.control ( trace = FALSE, NP = 500,
itermax = 1le4 ) )

summary ( cesDel )

cesDe2 <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
method = "DE", control = DEoptim.control ( trace = FALSE, NP = 500,
itermax = le4d ) )

summary ( cesDe2 )

cesDe3 <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,
method = "DE", control = DEoptim.control ( trace = FALSE, NP = 500,
itermax = led ) )

summary ( cesDe3 )

## nls

cesNlsl <- try( cesEst( "Y", xNamesl, tName = "time", data
vrs = TRUE, method = "nls" ) )

cesN1s2 <- try( cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
vrs = TRUE, method = "nls" ) )

cesN1s3 <- try( cesEst( "Y", xNames3, tName = "time", data
vrs = TRUE, method = "nls" ) )

GermanIndustry,

GermanIndustry,

## NM - Levenberg-Marquardt

cesNmLml <- cesEst( "Y", xNamesl, tName = "time", data = GermanIndustry,
start = coef( ceshmi1 ),
control = nis.Im.control ( maxiter = 1000, maxfev = 2000 ) )

summary ( cesNmLm1 )

cesNmLm2 <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
start = coef( ceshm2 ),
control = nls.Im.control ( maxiter = 1000, maxfev = 2000 ) )

summary ( cesNmLm2 )

cesNmLm3 <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,
start = coef( ceshm3 ),
control = nls.Im.control ( maxiter = 1000, maxfev = 2000 ) )

summary ( cesNmLm3 )

## SANN - Levenberg-Marquardt

cesSannlml <- cesEst( "Y", xNamesl, tName = "time", data = GermanIndustry,
start = coef( cesSanni1 ),
control = nls.Im.control ( maxiter = 1000, maxfev = 2000 ) )

summary ( cesSannLml )

cesSannlm2 <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
start = coef( cesSann2 ),
control = nis.Im.control ( maxiter = 1000, maxfev = 2000 ) )

summary ( cesSannLm2 )

cesSannLm3 <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,
start = coef( cesSann3 ),

93



94 Econometric Estimation of the Constant Elasticity of Substitution Function in R

control = nls.Im.control ( maxiter = 1000, maxfev = 2000 ) )
summary ( cesSannLm3 )

## DE - Levenberg-Marquardt

cesDeLml <- cesEst( "Y", xNamesl, tName = "time", data = GermanIndustry,
start = coef( cesDel ),
control = nls.Im.control ( maxiter = 1000, maxfev = 2000 ) )

summary ( cesDeLml1 )

cesDeLm2 <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
start = coef( cesDe2 ),
control = nls.Im.control ( maxiter = 1000, maxfev = 2000 ) )

summary ( cesDeLm2 )

cesDeLm3 <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,
start = coef( cesDe3 ),
control = nis.Im.control ( maxiter = 1000, maxfev = 2000 ) )

summary ( cesDeLm3 )

## NM - PORT

cesNmPortl <- cesEst( "Y", xNamesl, tName = "time", data = GermanIndustry,
method = "PORT", start = coef( ceshmi ),
control = list( eval.max = 1000, iter.max = 1000 ) )

summary ( cesNmPort1 )

cesNmPort2 <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
method = "PORT", start = coef( cesim2 ),
control = list( eval.max = 1000, iter.max = 1000 ) )

summary ( cesNmPort2 )

cesNmPort3 <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,
method = "PORT", start = coef( cesim3 ),
control = list( eval.max = 1000, iter.max = 1000 ) )

summary ( cesNmPort3 )

## SANN - PORT

cesSannPortl <- cesEst( "Y", xNamesl, tName = "time", data = GermanIndustry,
method = "PORT", start = coef( cesSanni ),
control = list( eval.max = 1000, iter.max = 1000 ) )

summary ( cesSannPortl1 )

cesSannPort2 <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
method = "PORT", start = coef( cesSann2 ),
control = list( eval.max = 1000, iter.max = 1000 ) )

summary ( cesSannPort2 )

cesSannPort3 <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,
method = "PORT", start = coef( cesSann3 ),
control = list( eval .max = 1000, iter.max = 1000 ) )

summary ( cesSannPort3 )

## DE - PORT

cesDePortl <- cesEst( "Y", xNamesl, tName = "time", data = GermanIndustry,
method = "PORT", start = coef( cesDel ),
control = list( eval.max = 1000, iter.max = 1000 ) )

summary ( cesDePortl1 )

cesDePort2 <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
method = "PORT", start = coef( cesDe2 ),
control = list( eval.max = 1000, iter.max = 1000 ) )

summary ( cesDePort2 )

cesDePort3 <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,
method = "PORT", start = coef( cesDe3 ),
control = list( eval.max = 1000, iter.max = 1000 ) )
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summary ( cesDePort3 )

HERRH R R R R #### estimation with lambda, rho_1, and rho fixed ####HHHHHHHHHHHHHHHHH

# removing technological progress using the lambdas of Kemfert (1998)
# (we can do this, because the model has constant returns to scale)

GermanIndustry$K1 <- GermanIndustry$K * exp( 0.0222 * GermanIndustry$time )
GermanIndustry$E1 <- GermanIndustry$E * exp( 0.0222 * GermanIndustry$time )
GermanIndustry$A1 <- GermanIndustry$A * exp( 0.0222 * GermanIndustry$time )
GermanIndustry$K2 <- GermanIndustry$K * exp( 0.0069 * GermanIndustry$time )
GermanIndustry$E2 <- GermanIndustry$E * exp( 0.0069 * GermanIndustry$time )
GermanIndustry$A2 <- GermanIndustry$A * exp( 0.0069 * GermanIndustry$time )
GermanIndustry$K3 <- GermanIndustry$K * exp( 0.00641 * GermanIndustry$time )
GermanIndustry$E3 <- GermanIndustry$E * exp( 0.00641 * GermanIndustry$time )
GermanIndustry$A3 <- GermanIndustry$A * exp( 0.00641 * GermanIndustry$time )

# names of adjusted inputs

xNames1f <- c¢( "K1", "E1", "A1" )
xNames2f <- c( "K2", "A2", "E2" )
xNames3f <- c( "E3", "A3", "K3" )

## Nelder-Mead, lambda, rho_1, and rho fixed

cesNmFixedl <- cesEst( "Y", xNamesl1f, data = GermanIndustry,
method = "NM", rhol = 0.5300, rho = 0.1813,
control = list( maxit = 5000 ) )

summary ( cesNmFixedl )

cesNmFixed2 <- cesEst( "Y", xNames2f, data = GermanIndustry,
method = "NM", rhol = 0.2155, rho = 1.1816,
control = list( maxit = 5000 ) )

summary ( cesNmFixed2 )

cesNmFixed3 <- cesEst( "Y", xNames3f, data = GermanIndustry,
method = "NM", rhol = 1.3654, rho = 5.8327,
control = list( maxit = 5000 ) )

summary ( cesNmFixed3 )

## BFGS, lambda, rho_1, and rho fixed

cesBfgsFixedl <- cesEst( "Y", xNameslf, data = GermanIndustry,
method = "BFGS", rhol 0.5300, rho = 0.1813,
control = list( maxit = 5000 ) )

summary ( cesBfgsFixedl )

cesBfgsFixed2 <- cesEst( "Y", xNames2f, data = GermanIndustry,
method = "BFGS", rhol = 0.2155, rho = 1.1816,
control = list( maxit = 5000 ) )

summary ( cesBfgsFixed2 )

cesBfgsFixed3 <- cesEst( "Y", xNames3f, data = GermanIndustry,

method = "BFGS", rhol
control = list( maxit
summary ( cesBfgsFixed3 )

1.3654, rho = 5.8327,
5000 ) )

## Levenberg-Marquardt, lambda, rho_1, and rho fixed

cesLmFixedl <- cesEst( "Y", xNamesl1f, data = GermanIndustry,
rhol = 0.5300, rho = 0.1813,
control = nis.Im.control ( maxiter = 1000, maxfev = 2000 ) )

summary ( cesLmFixedl )
cesLmFixed2 <- cesEst( "Y", xNames2f, data =
rhol = 0.2155, rho = 1.1816,

GermanIndustry,
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control = nls.Im.control ( maxiter = 1000, maxfev = 2000 ) )
summary ( cesLmFixed2 )
cesLmFixed3 <- cesEst( "Y", xNames3f, data = GermanIndustry,

rhol = 1.3654, rho = 5.8327,

control = nls.Im.control ( maxiter = 1000, maxfev = 2000 ) )
summary ( cesLmFixed3 )

## Levenberg-Marquardt, lambda, rho_1, and rho fixed, multiplicative error term
cesLmFixed1Me <- cesEst( "Y", xNameslf, data = GermanIndustry,
rhol = 0.5300, rho = 0.1813, multErr = TRUE,
control = nls.Im.control ( maxiter = 1000, maxfev = 2000 ) )
summary ( cesLmFixed1Me )
summary ( cesLmFixed1Me, rSquaredLog = FALSE )
cesLmFixed2Me <- cesEst( "Y", xNames2f, data = GermanIndustry,
rhol = 0.2155, rho = 1.1816, multErr = TRUE,
control = nls.Im.control ( maxiter = 1000, maxfev = 2000 ) )
summary ( cesLmFixed2Me )
summary ( cesLmFixed2Me, rSquaredLog = FALSE )
cesLmFixed3Me <- cesEst( "Y", xNames3f, data = GermanIndustry,
rhol = 1.3654, rho = 5.8327, multErr = TRUE,
control = nis.Im.control ( maxiter = 1024, maxfev = 2000 ) )
summary ( cesLmFixed3Me )
summary ( cesLmFixed3Me, rSquaredLog = FALSE )

## Newton-type, lambda, rho_1, and rho fixed

cesNewtonFixedl <- cesEst( "Y", xNameslf, data = GermanIndustry,
method = "Newton", rhol = 0.5300, rho = 0.1813, iterlim = 500 )

summary ( cesNewtonFixedl )

cesNewtonFixed2 <- cesEst( "Y", xNames2f, data = GermanIndustry,
method = "Newton", rhol = 0.2155, rho = 1.1816, iterlim = 500 )

summary ( cesNewtonFixed2 )

cesNewtonFixed3 <- cesEst( "Y", xNames3f, data = GermanIndustry,
method = "Newton", rhol = 1.3654, rho = 5.8327, iterlim = 500 )

summary ( cesNewtonFixed3 )

## PORT, lambda, rho_1, and rho fixed
cesPortFixedl <- cesEst( "Y", xNameslf, data = GermanIndustry,
method = "PORT", rhol = 0.5300, rho = 0.1813,
control = list( eval.max = 1000, iter.max = 1000 ) )
summary ( cesPortFixedl )
cesPortFixed2 <- cesEst( "Y", xNames2f, data = GermanIndustry,
method = "PORT", rhol = 0.2155, rho = 1.1816,
control = list( eval .max = 1000, iter.max = 1000 ) )
summary ( cesPortFixed2 )
cesPortFixed3 <- cesEst( "Y", xNames3f, data = GermanIndustry,
method = "PORT", rhol = 1.3654, rho = 5.8327,
control = list( eval.max = 1000, iter.max = 1000 ) )
summary ( cesPortFixed3 )

# compare RSSs of models with lambda, rho_1, and rho fixed

print( matrix( c( cesNmFixed1$rss, cesBfgsFixed1$rss, cesLmFixed1$rss,
cesNewtonFixed1$rss, cesPortFixed1$rss ), ncol = 1 ), digits = 16 )

cesFixedl <- cesLmFixedl

print( matrix( c( cesNmFixed2$rss, cesBfgsFixed2$rss, cesLmFixed2%rss,
cesNewtonFixed2$rss, cesPortFixed2$rss ), ncol = 1 ), digits = 16 )

cesFixed2 <- cesLmFixed2

print( matrix( c( cesNmFixed3$rss, cesBfgsFixed3%$rss, cesLmFixed3%rss,
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cesNewtonFixed3$rss, cesPortFixed3%rss ), ncol =1 ), digits = 16 )
cesFixed3 <- cesLmFixed3

## check if removing the technical progress worked as expected
Y2Calc <- cesCalc( xNames2f, data = GermanIndustry,
coef = coef( cesFixed2 ), nested = TRUE )
all.equal ( Y2Calc, fitted( cesFixed2 ) )
Y2TcCalc <- cesCalc( sub( "[123]$", "", xNames2f ), tName = "time",
data = GermanIndustry,
coef = c( coef( cesFixed2 )[1], lambda = 0.0069, coef( cesFixed2 )[-1] ),
nested = TRUE )
all .equal ( Y2Calc, Y2TcCalc )

#Hp#nsaa#t Grid Search for Rho_1 and Rho ######HHHH#HHY
rhoVec <- c( seq( -1, 1, 0.1 ), seq( 1.2, 4, 0.2 ), seq( 4.4, 14, 0.4 ) )

## BFGS, grid search for rho_1 and rho

cesBfgsGridRhol <- cesEst( "Y", xNamesl, tName = "time", data = GermanIndustry,
rhol = rhoVec, rho = rhoVec, returnGridAll = TRUE,
method = "BFGS", control = list( maxit = 5000 ) )

summary ( cesBfgsGridRhol )

plot( cesBfgsGridRhol )

cesBfgsGridRho2 <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
rhol = rhoVec, rho = rhoVec, returnGridAll = TRUE,
method = "BFGS", control = list( maxit = 5000 ) )

summary ( cesBfgsGridRho2 )

plot( cesBfgsGridRho2 )

cesBfgsGridRho3 <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,
rhol = rhoVec, rho = rhoVec, returnGridAll = TRUE,
method = "BFGS", control = list( maxit = 5000 ) )

summary ( cesBfgsGridRho3 )

plot( cesBfgsGridRho3 )

# BFGS with grid search estimates as starting values

cesBfgsGridStartRhol <- cesEst( "Y", xNamesl, tName = "time", data = GermanIndustry,
start = coef( cesBfgsGridRhol ),
method = "BFGS", control = list( maxit = 5000 ) )

summary ( cesBfgsGridStartRhol )

cesBfgsGridStartRho2 <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
start = coef( cesBfgsGridRho2 ),
method = "BFGS", control = list( maxit = 5000 ) )

summary ( cesBfgsGridStartRho2 )

cesBfgsGridStartRho3 <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,

start = coef( cesBfgsGridRho3 ),
method = "BFGS", control = list( maxit = 5000 ) )
summary ( cesBfgsGridStartRho3 )

## Levenberg-Marquardt, grid search for rhol and rho

cesLmGridRhol <- cesEst( "Y", xNamesl, tName = "time", data = GermanIndustry,
rhol = rhoVec, rho = rhoVec, returnGridAll = TRUE,
control = nls.Im.control ( maxiter = 1000, maxfev = 2000 ) )

summary ( cesLmGridRhol )

plot( cesLmGridRhol )

cesLmGridRho2 <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
rhol = rhoVec, rho = rhoVec, returnGridAll = TRUE,
control = nis.Im.control ( maxiter = 1000, maxfev = 2000 ) )
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summary ( cesLmGridRho2 )

plot( cesLmGridRho2 )

cesLmGridRho3 <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,
rhol = rhoVec, rho = rhoVec, returnGridAll = TRUE,
control = nls.Im.control ( maxiter = 1000, maxfev = 2000 ) )

summary ( cesLmGridRho3 )

plot( cesLmGridRho3 )

# LM with grid search estimates as starting values
cesLmGridStartRhol <- cesEst( "Y", xNamesl, tName = "time", data
start = coef( cesLmGridRhol ),
control = nis.Im.control ( maxiter = 1000, maxfev = 2000 ) )
summary ( cesLmGridStartRhol )
cesLmGridStartRho2 <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
start = coef( cesLmGridRho2 ),
control = nls.Im.control ( maxiter = 1000, maxfev = 2000 ) )
summary ( cesLmGridStartRho2 )
cesLmGridStartRho3 <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,
start = coef( cesLmGridRho3 ),
control = nls.Im.control ( maxiter = 1000, maxfev = 2000 ) )
summary ( cesLmGridStartRho3 )

GermanIndustry,

## Newton-type, grid search for rho_1 and rho

cesNewtonGridRhol <- cesEst( "Y", xNamesl, tName = "time", data = GermanIndustry,
rhol = rhoVec, rho = rhoVec, returnGridAll = TRUE,
method = "Newton", iterlim = 500 )

summary ( cesNewtonGridRhol )

plot( cesNewtonGridRhol )

cesNewtonGridRho2 <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
rhol = rhoVec, rho = rhoVec, returnGridAll = TRUE,
method = "Newton", iterlim = 500, check.analyticals = FALSE )

summary ( cesNewtonGridRho2 )

plot( cesNewtonGridRho2 )

cesNewtonGridRho3 <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,
rhol = rhoVec, rho = rhoVec, returnGridAll = TRUE,
method = "Newton", iterlim = 500 )

summary ( cesNewtonGridRho3 )

plot( cesNewtonGridRho3 )

# Newton-type with grid search estimates as starting values
cesNewtonGridStartRhol <- cesEst( "Y", xNamesl, tName = "time", data = GermanIndustry,
start = coef( cesNewtonGridRhol ),
method = "Newton", iterlim = 500, check.analyticals = FALSE )
summary ( cesNewtonGridStartRhol )
cesNewtonGridStartRho2 <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
start = coef( cesNewtonGridRho2 ),
method = "Newton", iterlim = 500, check.analyticals = FALSE )
summary ( cesNewtonGridStartRho2 )
cesNewtonGridStartRho3 <- cesEst( "Y", xNames3, tName = "time", data
start = coef( cesNewtonGridRho3 ),
method = "Newton", iterlim = 500, check.analyticals = FALSE )
summary ( cesNewtonGridStartRho3 )

GermanIndustry,

## PORT, grid search for rhol and rho

cesPortGridRhol <- cesEst( "Y", xNames1, tName = "time", data = GermanIndustry,
rhol = rhoVec, rho = rhoVec, returnGridAll = TRUE, method = "PORT",
control = list( eval.max = 1000, iter.max = 1000 ) )
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summary ( cesPortGridRhol )

plot( cesPortGridRhol )

cesPortGridRho2 <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
rhol = rhoVec, rho = rhoVec, returnGridAll = TRUE, method = "PORT",
control = list( eval .max = 1000, iter.max = 1000 ) )

summary ( cesPortGridRho2 )

plot( cesPortGridRho2 )

cesPortGridRho3 <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,
rhol = rhoVec, rho = rhoVec, returnGridAll = TRUE, method = "PORT",
control = list( eval.max = 1000, iter.max = 1000 ) )

summary ( cesPortGridRho3 )

plot( cesPortGridRho3 )

# PORT with grid search estimates as starting values

cesPortGridStartRhol <- cesEst( "Y", xNamesl, tName = "time", data = GermanIndustry,
start = coef( cesPortGridRhol ),, method = "PORT",
control = list( eval.max = 1000, iter.max = 1000 ) )

summary ( cesPortGridStartRhol )

cesPortGridStartRho2 <- cesEst( "Y", xNames2, tName = "time", data = GermanIndustry,
start = coef( cesPortGridRho2 ), method = "PORT",
control = list( eval.max = 1000, iter.max = 1000 ) )

summary ( cesPortGridStartRho2 )

cesPortGridStartRho3 <- cesEst( "Y", xNames3, tName = "time", data = GermanIndustry,
start = coef( cesPortGridRho3 ), method = "PORT",
control = list( eval.max = 1000, iter.max = 1000 ) )

summary ( cesPortGridStartRho3 )

##A###A##E estimations for different industrial sectors #####A###AN#

# remove years with missing or incomplete data
GermanIndustry <- subset( GermanIndustry, year >= 1970 & year <= 1988, )

# adjust the time trend so that it again starts with 0O
GermanIndustry$time <- GermanIndustry$year - 1970

# rhos for grid search
rhoVec <- c( seq( -1, 0.6, 0.2 ), seq( 0.9, 1.5, 0.3 ),
seq( 2, 10, 1), 12, 15, 20, 30, 50, 100 )

# industries (abbreviations)
indAbbr <_ c ( Hc” "S” "N” ”I” ”V” ”P” "F” )

# names of inputs

xNames <- list()

xNames[[ 1 J] <- c( "K", "E", "A" )
xNames[[ 2 ]J] <- c( "K", "A", "E" )
xNames[[ 3 ]] <- c( "E", "A", "K" )

# list ("folder") for results
indRes <- list()

# names of estimation methods
metNames <- c( "LM", "PORT", "PORT Grid", "PORT Start" )

# table for parameter estimates
tabCoef <- array( NA, dim = c( 9, 7, length( metNames ) ),
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dimnames = list(
paste( rep( c( "alpha_", "beta ", "m_" ), 3 ), rep( 1:3, each = 3 ),
“l_l(“: rep( C( llrho_lll, Hrholl’ lllambdall )’ 3 )’ II) H’ sep = nn ),
indAbbr, metNames ) )

# table for technological change parameters
tabLambda <- array( NA, dim = c( 7, 3, length( metNames ) ),
dimnames = list( indAbbr, c(1:3), metNames ) )

# table for R-squared values
tabR2 <- tabLambda

# table for RSS values
tabRss <- tabLambda

# table for economic consistency of LM results
tabConsist <- tabLambda[ , , 1, drop = TRUE ]

#econometric estimation with cesEst
for( indNo in 1:length( indAbbr ) ) {

# name of industry-specific output
yIndName <- paste( indAbbr[ indNo ], "Y", sep = "_" )

# sub-list ("subfolder") for all models of this industrie
indRes[[ indNo ]] <- list()

for( modNo in 1:3 ) {

cat( "\n \n" )
cat( "Industry No.,", indNo, ", model No. ", modNo, "\n", sep = "" )
cat( " \n\n" )

# names of industry-specific inputs
xIndNames <- paste( indAbbr[ indNo ], xNames[[ modNo ]], sep = "_" )

# sub-sub-list for all estimation results of this model/industrie
indRes[[ indNo ]1[[ modNo ]] <- list()

## Levenberg-Marquardt

indRes[[ indNo ]][[ modNo ]1]$Im <- cesEst( yIndName, xIndNames,
tName = "time", data = GermanIndustry,
control = nls.Im.control ( maxiter = 1024, maxfev = 2000 ) )

print( tmpSum <- summary( indRes[[ indNo J1[[ modNo 11$Im ) )

tmpCoef <- coef( indRes[[ indNo ]][[ modNo 1]1$Im )

tabCoef[ ( 3 * modNo - 2 ):( 3 * modNo ), indNo, "LM" ] <-
tmpCoef[ C€( "rho 1", "rho", "lambda" ) ]

tabLambda[ indNo, modNo, "LM" ] <- tmpCoef[ "lambda" ]

tabR2[ indNo, modNo, "LM" ] <- tmpSum$r.squared

tabRss[ indNo, modNo, "LM" ] <- tmpSum$rss

tabConsist[ indNo, modNo ] <- tmpCoef[ "gamma" ] >= 0 &
tmpCoef [ "delta_1" ] >= 0 & tmpCoef[ "delta 1" ] <=1 &
tmpCoef [ "delta" ] >= 0 & tmpCoef[ "delta" ] <=1 &
tmpCoef [ "rho_1" ] >= -1 & tmpCoef[ "rho" ] >= -1

## PORT
indRes[[ indNo ]][[ modNo ]]$port <- cesEst( yIndName, xIndNames,
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tName = "time", data = GermanIndustry, method = "PORT",
control = list( eval.max = 2000, iter.max = 2000 ) )

print( tmpSum <- summary( indRes[[ indNo ]][[ modNo ]]$port ) )

tmpCoef <- coef( indRes[[ indNo ]][[ modNo ]1$port )

tabCoef[ ( 3 * modNo - 2 ):( 3 * modNo ), indNo, "PORT" ] <-
tmpCoef[ C( "rho_ 1", "rho", "lambda" ) ]

tabLambda[ indNo, modNo, "PORT" ] <- tmpCoef[ "lambda" ]

tabR2[ indNo, modNo, "PORT" ] <- tmpSum$r.squared

tabRss[ indNo, modNo, "PORT" ] <- tmpSum$rss

# PORT, grid search
indRes[[ indNo 1][[ modNo ]]$portGrid <- cesEst( yIndName, xIndNames,
tName = "time", data = GermanIndustry, method = "PORT",
rho = rhoVec, rhol = rhoVec,
control = list( eval.max = 2000, iter.max = 2000 ) )
print( tmpSum <- summary( indRes[[ indNo ]][[ modNo ]1$portGrid ) )
tmpCoef <- coef( indRes[[ indNo ]][[ modNo ]1$portGrid )
tabCoef[ ( 3 * modNo - 2 ):( 3 * modNo ), indNo, "PORT Grid" ] <-
tmpCoef [ €( "rho_ 1", "rho", "lambda" ) ]
tabLambda[ indNo, modNo, "PORT Grid" ] <- tmpCoef[ "lambda" ]
tabR2[ indNo, modNo, "PORT Grid" ] <- tmpSum$r.squared
tabRss[ indNo, modNo, "PORT Grid" ] <- tmpSum$rss

# PORT, grid search for starting values
indRes[[ indNo ]][[ modNo ]J]$portStart <- cesEst( yIndName, xIndNames,
tName = "time", data = GermanIndustry, method = "PORT",
start = coef( indRes[[ indNo ]][[ modNo ]]$portGrid ),
control = list( eval.max = 2000, iter.max = 2000 ) )
print( tmpSum <- summary( indRes[[ indNo ]][[ modNo ]]$portStart ) )
tmpCoef <- coef( indRes[[ indNo ]][[ modNo ]]$portStart )
tabCoef[ ( 3 * modNo - 2 ):( 3 * modNo ), indNo, "PORT Start" ] <-
tmpCoef[ c( "rho 1", "rho", "lambda" ) ]
tabLambda[ indNo, modNo, "PORT Start" ] <- tmpCoef[ "lambda" ]
tabR2[ indNo, modNo, "PORT Start" ] <- tmpSum$r.squared
tabRss[ indNo, modNo, "PORT Start" ] <- tmpSum$rss

#EH#H#H###  tables for presenting estimation results #####HHHHAHEH

resultl <- matrix( NA, nrow = 24, ncol = 9 )
rownames ( resultl ) <- c( "Kemfert,(1998)", "fixed",
"Newton", "BFGS", "L-BFGS-B", "PORT", "LM",
"NM", "NM, - PORT", "NM - ,LM",
"SANN", "SANN,,- PORT", "SANN, - LM",
"DE", "DE - PORT", "DE - LM",
"Newton, ,grid", "Newton,grid, start", "BFGS,grid", "BFGS_,grid start",
"PORT_grid", "PORT_grid start", "LM_ grid", ”LMugridustart”)
colnames( resultl ) <- c(
paste( "$\\", names( coef( cesLm1 ) ), "$", sep = "" ),
"c", "RSS", "$R"2%" )
result3 <- result2 <- resultl

resultl[ "Kemfert,;(1998)", "$\\lambda$" ] <- 0.0222
result2[ "Kemfert,;(1998)", "$\\lambda$" ] <- 0.0069
result3[ "Kemfert, (1998)", "$\\lambda$" ] <- 0.00641
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resultl[ "Kemfert,(1998)", ”$\\rho_1$” ] <- 0.5300
result2[ "Kemfert,(1998)", "$\\rho 1$" ] <- 0.2155
result3[ "Kemfert, (1998)", "$\\rho_1$" ] <- 1.3654

resultl[ "Kemfert,;(1998)", "$\\rho$" ] <- 0.1813
result2[ "Kemfert, (1998)", "$\\rho$" ] <- 1.1816
result3[ "Kemfert,;(1998)", "$\\rho$" ] <- 5.8327

resultl[ "Kemfert, (1998)", "$R"2%" ] <- 0.9996
result2[ "Kemfert,;(1998)", "$R"2%" ] <- 0.786
result3[ "Kemfert,,(1998)", "$R"2%" ] <- 0.9986

resultl[ "fixed", ] <- c( coef( cesFixedl )[1], 0.0222,
coef( cesFixedl )[-1], cesFixedi$convergence,
cesFixed1$rss, summary( cesFixedl )$r.squared )

result2[ "fixed", ] <- c( coef( cesFixed2 )[1], 0.0069,
coef ( cesFixed2 )[-1],cesFixed2$convergence,
cesFixed2$rss, summary( cesFixed2 )$r.squared )

result3[ "fixed", ] <- c( coef( cesFixed3 )[1], 0.00641,
coef ( cesFixed3 )[-1],cesFixed3$convergence,
cesFixed3$rss, summary( cesFixed3 )$r.squared )

makeRow <- function( model ) {
if( is.null( model$multErr ) ) {
model$multErr <- FALSE
}
result <- c( coef( model ),
ifelse( is.null ( model$convergence ), NA, model$convergence ),
model$rss, summary( model )$r.squared )
return( result )
F

resultl[ "Newton", ] <- makeRow( cesNewtonl )
result2[ "Newton", ] <- makeRow( cesNewton2 )
result3[ "Newton", ] <- makeRow( cesNewton3 )

resultl[ "BFGS", ] <- makeRow( cesBfgsl )
result2[ "BFGS", ] <- makeRow( cesBfgs2 )
result3[ "BFGS", ] <- makeRow( cesBfgs3 )

resultl[ "L-BFGS-B", ] <- makeRow( cesBfgsConl )
result2[ "L-BFGS-B", ] <- makeRow( cesBfgsCon2 )
result3[ "L-BFGS-B", ] <- makeRow( cesBfgsCon3 )

resultl[ "PORT", ] <- makeRow( cesPortl )
result2[ "PORT", ] <- makeRow( cesPort2 )
result3[ "PORT", ] <- makeRow( cesPort3 )

resultl[ "LM", ] <- makeRow( cesLml )
result2[ "LM", ] <- makeRow( cesLm2 )
result3[ "LM", ] <- makeRow( cesLm3 )

resulti[ "NM", ] <- makeRow( cesNml )
result2[ "NM", ] <- makeRow( cesNm2 )
result3[ "NM", ] <- makeRow( cesNm3 )
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"NM,_ - ,LM", ] <- makeRow( cesNmLml )
"NM,,-,LM", ] <- makeRow( cesNmLm2 )
"NM,,-_LM", ] <- makeRow( cesNmLm3 )

"NM,,-PORT", ] <- makeRow( cesNmPortl )
"NM,,-PORT", ] <- makeRow( cesNmPort2 )
"NM, - ,PORT", ] <- makeRow( cesNmPort3 )

"SANN", ] <- makeRow( cesSannl )
"SANN", ] <- makeRow( cesSann2 )
"SANN", ] <- makeRow( cesSann3 )

"SANN, - ,LM", ] <- makeRow( cesSannLml )
"SANN,,-_,LM", ] <- makeRow( cesSannLm2 )
"SANN, - ,LM", ] <- makeRow( cesSannLm3 )

"SANN,_,-_,PORT", ] <- makeRow( cesSannPortl )
"SANN,,-_,PORT", ] <- makeRow( cesSannPort2 )
"SANN,,— ,PORT", ] <- makeRow( cesSannPort3 )

"DE", ] <- makeRow( cesDel )
"DE", ] <- makeRow( cesDe2 )
"DE", ] <- makeRow( cesDe3 )

"DE, - ,LM", ] <- makeRow( cesDeLml )
"DE,,-,LM", ] <- makeRow( cesDeLm2 )
"DE, - ,LM", ] <- makeRow( cesDeLm3 )

"DE,,-PORT", ] <- makeRow( cesDePortl )
"DE, ;- ,PORT", ] <- makeRow( cesDePort2 )
"DE, - ,PORT", ] <- makeRow( cesDePort3 )

"Newton,,grid", ] <- makeRow( cesNewtonGridRhol )
"Newton, ,grid", ] <- makeRow( cesNewtonGridRho2 )
"Newton,grid", ] <- makeRow( cesNewtonGridRho3 )

"Newton, ,grid, start", ] <- makeRow( cesNewtonGridStartRhol )
"Newton,grid,start", ] <- makeRow( cesNewtonGridStartRho2 )
"Newton, ,grid, start", ] <- makeRow( cesNewtonGridStartRho3 )

"BFGS_grid", ] <- makeRow( cesBfgsGridRhol )
"BFGS_grid", ] <- makeRow( cesBfgsGridRho2 )
"BFGS_grid", ] <- makeRow( cesBfgsGridRho3 )

"BFGS,grid, start", ] <- makeRow( cesBfgsGridStartRhol )
"BFGS,,grid,start", ] <- makeRow( cesBfgsGridStartRho2 )
"BFGS_grid, start", ] <- makeRow( cesBfgsGridStartRho3 )

"PORT, ,grid", ] <- makeRow( cesPortGridRhol )
"PORT_ grid", ] <- makeRow( cesPortGridRho2 )
"PORT, grid", ] <- makeRow( cesPortGridRho3 )

"PORT_ grid,start", ] <- makeRow( cesPortGridStartRhol )
"PORT, ,grid, start", ] <- makeRow( cesPortGridStartRho2
"PORT, ,grid,start", ] <- makeRow( cesPortGridStartRho3 )

—

"LM,grid", ] <- makeRow( cesLmGridRhol )
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result2[ "LM_grid", ] <- makeRow( cesLmGridRho2 )
result3[ "LM_grid", ] <- makeRow( cesLmGridRho3 )

resultl[ "LM,grid,start", ] <- makeRow( cesLmGridStartRhol )
result2[ "LM,gridstart", ] <- makeRow( cesLmGridStartRho2 )
result3[ "LM,grid start", ] <- makeRow( cesLmGridStartRho3 )

# create LaTeX tables
library ( xtable )
colorRows <- function( result ) {
rownames ( result ) <- paste(
ifelse( lis.na( result[ , "$\\delta 1$" ] ) & (
result[ , "$\\delta 1$" ] < 0 | result[ , "$\\delta 1$" ] >1 |
result[ , "$\\delta$" ] < 0 | result[ , "$\\delta$"” ] > 1 ) |
result[ , "$\\rho 1$" ] < -1 | result[ , "$\\rho$" ] < -1,
"MarkThisRow,", "" ),
rownames ( result ), sep = "" )
return( result )
F

printTable <- function( xTab, fileName ) {
tempFile <- file()
print( xTab, file = tempFile,
floating = FALSE, sanitize.text.function = function(x){x} )
latexLines <- readLines( tempFile )
close( tempFile )
for( i in grep( "MarkThisRow,,", latexLines, value = FALSE ) ) {
latexLines[ i ] <- sub( "MarkThisRow", "\\\\color{red}" ,latexLines[ i ] )
latexLines[ i ] <- gsub( "&", "&,\\\\color{red}" ,latexLines[ i ] )
}
writeLines( latexLines, fileName )
invisible( latexLines )
}

resultl <- colorRows( resultl )

xTabl <- xtable( resultl, align = "lrrrrrrrrr",
digits = c( 0, rep( 4, 6 ), 0, 0, 4 ) )

printTable( xTabl, fileName = "kemfertlCoef.tex" )

result2 <- colorRows( result2 )

xTab2 <- xtable( result2, align = "lrrrrrrrrr",
digits = c( 0, rep( 4, 6 ), 0, 0, 4 ) )

printTable( xTab2, fileName = "kemfert2Coef.tex" )

result3 <- colorRows( result3 )

xTab3 <- xtable( result3, align = "lrrrrrrrrr",
digits = c( 0, rep( 4, 6 ), 0, 0, 4) )

printTable( xTab3, fileName = "kemfert3Coef.tex" )
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